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YAU’S GRADIENT ESTIMATE AND LIOUVILLE THEOREM FOR 
POSITIVE PSEUDOHARMONIC FUNCTIONS IN A COMPLETE 
PSEUDOHERMITIAN MANIFOLD 


*SHU-CHENG CHANQi, * *TING-JUNG KUO^, AND JINGZHI TIE^ 


Abstract. In this paper, we first derive the sub-gradient estimate for positive pseudohar¬ 
monic functions in a complete pseudohermitian (2n-|-l)-manifold (M, J, 9) which satisfies the 
CR sub-Laplacian comparison property. It is served as the CR analogue of Yau’s gradient 
estimate. Secondly, we obtain the Bishop-type sub-Laplacian comparison theorem in a class 
of complete noncompact pseudohermitian manifolds. Finally we have shown the natural 
analogue of Liouville-type theorems for the sub-Laplacian in a complete pseudohermitian 
manifold of vanishing pseudohermitian torsion tensors and nonnegative pseudohermitian 
Ricci curvature tensors. 


1. Introduction 


In m and m, S.-Y. Cheng and S.-T. Yan derived a well known gradient estimate for 
positive harmonic functions in a complete noncompact Riemannian manifold. 

Proposition 1. ( [Yl] . [CY] ) Let M be a complete noncompact Riemannian m-manifold 


with Ricci curvature bounded from below by —K (K > 0). If u {x) is a positive harmonic 


function on M, then there exists a positive constant C = C{m) such that 
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on the ball B {R) with f{x) = ln-u(a;). As a consequence, the Liouville theorem holds for 

complete noncompact Riemannian m-manifolds of nonnegative Ricci curvature. 

In this paper, by modifying the arguments of |Y1] . |CY] and |CKL] . we derive a sub¬ 
gradient estimate for positive pseudoharmonic functions in a complete noncompact pseudo- 
hermitian {2n + l)-manifold (M, J, 9) which is served as the CR version of Yau’s gradient 
estimate. Then we prove that the CR analogue of Liouville-type theorem holds for positive 
pseudoharmonic functions as well. 

We hrst recall some notions as in section 2. Let (M, be a (2n-|-l)-dimensional, orientable, 
contact manifold with contact structure dimR ^ = 2n. A CR structure J compatible with 
^ is an endomorphism J '■ i ^ i such that = —1. We also assume that J satishes 
the integrability condition ( see next section). A CR structure J can extend to and 
decomposes into the direct sum of Ti q and Tq^ which are eigenspaces of J with respect 
to eigenvalues i and —z, respectively. A pseudohermitian structure compatible with is a 
CR structure J compatible with ^ together with a choice of contact form 9 and ^ = ker^. 
Such a choice determines a unique real vector held T transverse to ^ which is called the 
characteristic vector held of 0, such that 9{T) = 1 and Ct^ = 0 or d9{T^ ■) = 0. 

Let {T, Za, Za} be a frame of TM®C, where Za is any local frame of Ti^, Za = Za E Tq^i. 
We dehne Ric and Tor on Ti^ by 

(1.2) Ric{X, Y) = R^-pX^Y~^ 
and 

(1.3) Tor(X, Y) = z - A^pX^Y^). 

Here X = , Y = Y^Zp, R^ap is the pseudohermitian curvature tensor, R^p = R^^ap 

is the pseudohermitian Ricci curvature tensor and Aap is the torsion tensor. 
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In Yau’s method for the proof of gradient estimates, one can estimate A{r] [x) |V/(a;)p) 
for a nonegative cut-off function rj (x) on B {2R) via Bochner formula and Laplacian com¬ 
parison. At the end, one has gradient estimate fll.ip by applying the maximum principle 
to r] (x) |V/(a;)p. However in order to derive the CR subgradient estimate, one of difficul¬ 
ties is to deal with the following CR Bochner formula (Lemma [9]) which involving a term 
(JV6(p, Vfe(po) that has no analogue in the Riemannian case. 


Ab\Vby^f 


ip +2 {VbP, VbAbp) 


{ARic — 2{n — 2) Tor) {{Vbp)c > 


(ybP)c) +4:{JVbP, Vb(Po)- 


Here (V^)^ A,,, V;, are the subhessian, sub-Laplacian and sub-gradient respectively. We 
also denote = Tp. 

In order to overcome this difficulty, we introduce a real-valued function F {x, t, R, b) : 
M X [0, 1] X (0, cx)) X (0, cxo) —)■ M by adding an extra term tr] {x) /g (x) to |Vb/(x)|^ as 
following 


F(x, t, R, b) =t[\Vbf{x)f + btr]{x) fo{x)) 

on the Carnot-Caratheodory ball B {2R) with a constant b to be determined. In section 3, 
we derive the CR subgradient estimate fll.131) and fll.Qp by applying the maximum principle 
to T] (x) F{x,t) for each fixed t G (0,1] if the CR sub-Laplacian comparison property (see 
Dehnition [2]) holds on {M, J, 9). 

Definition 1. Let {M,J,6) be a pseudohermitian (2n-|- l)-manifold. A piecewise smooth 
curve 7 : [0,1] —)■ M is said to be horizontal if 'y'{t) G ^ whenever 7 '(f) exists. The length of 
7 is then dehned by 

^(7)= [ 

Jo 
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Here ( , is the Levi form as in fl2.2p . The Carnot-Caratheodory distance between two 
points p, q E M is 

dc{p,q) = inf{/( 7 ) |7 e Cp^q] 

where Cp^q is the set of all horizontal curves joining p and q. We say M is complete if 
it is complete as a metric space. We refer to [S] for some details. By Chow connectivity 
theorem |Cho] . there always exists a horizontal curve joining p and g, so the distance is finite. 
Furthermore, there is a minimizing geodesic joining p and q so that its length is equal to the 
distance (ic(p, q)- 

Definition 2. Let (M, J, 9) be a complete noncompact pseudohermitian (2n +l)-manifold 
with 

(1.4) {2Ric - (n - 2)Tor) (Z, Z) > -2k jZj^ 

for all Z G Ti^o, and k is an nonnegative constant. We say that (M, J, 9) satisfies the CR 
sub-Laplacian comparison property if there exists a positive constant Cq = Co(k,n) such 
that 

(1.5) Af,r < Co(- + \/k) 

r 

in the sense of distributions. Here A;, denote sub-Laplacian and r (x) is the Carnot-Caratheodory 
distance from a fixed point xq G M. 


Let (M, J, 9) be the standard Heisenberg (2?7,-|-l)-manifold (H”, J, 6 ) . We have = 
0 and Aajs = 0. Then the following CR sub-Laplacian comparison property holds on 

(HA J, 6 ). 


Proposition 2. ( |CTW] ) Let (H”, J,9) be a standard Heisenberg (2n + l)-manifold. Then 
there exists a constant > 0 




n 


< 


■ 


( 1 . 6 ) 
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For completeness, we sketch the proof of |CTWj in appendix A. 

In this paper, by applying the differential inequality for sub-Laplacian of Carnot-Caratheodory 
distance as in Lemma [13 we can generalize the following Bishop-type sub-Laplacian com¬ 
parison property to a complete noncompact pseudohermitian {2n + l)-manifold of vanishing 
pseudohermitian torsion tensors ( we refer to Theorem [19]) . 

Theorem 3. Let (M, J, 9) be a complete noncompact pseudohermitian {2n+ l)-manifold 
of vanishing pseudohermitian torsion tensors 

Aap = 0 

and 

Ric{Z, Z) > —k\Z\^ 

for all Z G Ti^o and k is an nonnegative constant. Then there exists a constant Co > 0 

(1.7) A^r < C'o(- + \/fc) 

r 

in the sense of distributions. 

In order to have an analogue of Liouville-type theorem ( see Corollary [6] ) for positive 
pseudoharmonic functions (i.e. Af,u = 0) in a complete noncompact pseudohermitian (2n -|- 
l)-manifold, we need to show the following sub-gradient estimate for positive pseudoharmonic 
functions u. 

Theorem 4. Let (M, J, 6) be a complete noncompact pseudohermitian (2n -|- l)-manifold 
with 

{2Ric — [n — 2)Tor) {Z, Z) > —2k \Z\^ 

for all Z G Ti^o, and fc > 0. Furthermore, we assume that (M, J, 6) satishes the CR sub- 
Laplacian comparison property fll.Sp . If u {x) is a positive pseudoharmonic function with 


(1.8) 


[Ai,r]ti = 0 
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on M. Then for each constant 6 > 0, there exists a positive constant C 2 = C 2 {k) snch that 


(1.9) 


IV'“I I 

9 ~r ^ 9 ^ 


[n + 5 + 2bky 


, 2 C 2 

k-\ -h — 

b R 


(5 + 2bk) 

on the ball B (R) of a large enongh radius R which depends only on b, k. 


Remark 1. In the similar spirit, recently we are able to obtain the CR analogue of matrix Li- 
Yau-Hamilton Harnack inequality for the positive solution to the CR heat equation in a closed 
pseudohermitian (2n + l)-manifold with nonnegative bisectional curvature and bitorsional 
tensor. We refer to |CFTW] and |CCFj for more details. 

It is shown that f Lemma ITT]) 

n 

( 1 . 10 ) [Afe, T]m = 4Im[i ^ 

a,(3=1 

If (M, J, 9) is a complete noncompact pseudohermitian (2n + l)-manifold of vanishing 
torsion. Then 

[Afe, T] M = 0. 

Hence, by applying Theorem [3] and Theorem |U we have 


Corollary 5. Let (M, J, 9) be a complete noncompact pseudohermitian (2?7, + l)-manifold 
of vanishing pseudohermitian torsion and 

Ric {Z, Z) > —k \Z\^ 


for all Z G Ti 0 , and fc > 0. Let u (t) be a positive pseudoharmonic function. Then for each 
constant 6 > 0, there exists a positive constant C 2 = C 2 {k) such that 


( 1 . 11 ) 


iVbuf Mg ^ {n + 5 + 2bky 




(5 + 2bk) 

on the ball B (R) of a large enough radius R which depends only on b, k. 


As a consequence, let R —?• cxo and then b ^ 00 with fc = 0 in (II.lip . we have the following 


CR Liouville-type theorem. 
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Corollary 6. Let (M, J, 6) be a complete noncompact psendohermitian (2?7, + l)-manifold 
of nonnegative psendohermitian Ricci curvatnre tensors and vanishing torsion. Then any 
positive psendoharmonic fnnction is constant. 

Corollary 7. There does not exist any positive nonconstant psendoharmonic fnnction in a 
standard Heisenberg (2?7, + l)-manifold (!!"■, J, 6 ). 

Remark 2. Koranyi and Stanton ( jKSj) proved the Lionville theorem in (H”, J, 0 ) by a 
different method. 

In general, we have the following weak sub-gradient estimate for positive psendoharmonic 
functions in a complete noncompact psendohermitian (2n -|- l)-manifold. 

Theorem 8. Let (M, J, 6) be a complete noncompact psendohermitian (2 ?t, -|- l)-manifold 
with 


{2Ric — {n — 2)Tor) {Z, Z) > —2k \Z 


and 


( 1 . 12 ) 


max{|y4„^|, \Aai3,a\}<k 


for all Z G Ti o and k > 0, ki > 0. Furthermore, we assume that (M, J, 6) satishes the CR 
sub-Laplacian comparison property. If u (x) is a positive psendoharmonic function on M. 
Then there exists a small constant bo = bo{n,k,ki) > 0 and C3 = Ci{k, fci, ^ 2 ) such that 
for any 0 < 6 < 6o; 


(1.13) 



on the ball B (R) of a large enough radius R which depends only on b. 


Remark 3. By comparing the Yau’s gradient estimate (II.ip . we need an extra assumption 
fll.l2p to obtain the CR subgradient estimate fll.l3p due to the natural of sub-Laplacian in 
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pseudohermitian geometry. However, we do obtain an extra estimate on the derivative of 
psendoharmonic fnnctions u{x) along the missing direction of characteristic vector field T. 

We briefly describe the methods nsed in onr proofs. In section 2, we first introduce some 
basic materials in a pseudohermitian (2n + l)-manifold. Then we are able to get the CR 
Bochner-type estimate and derive some key Lemmas. In section 3, let (M, J, 9) be a com¬ 
plete noncompact pseudohermitian (2?7,-|-l)-manifold with the CR sub-Laplacian comparison 
property, we obtain subgradient estimates for positive pseudoharmonic functions. As a con¬ 
sequence, the natural analogue of Liouville-type theorem for the sub-Laplacian holds in a 
complete noncompact pseudohermitian (2n -|- l)-manifold of nonnegative pseudohermitian 
Ricci curvature tensor and vanishing torsion. In section 4, we give a proof of sub-Laplacian 
comparison theorem in a complete noncompact pseudohermitian (2n-|-l)-manifold of vanish¬ 
ing pseudohermitian torsion tensors and nonnegative pseudohermitian Ricci curvature ten¬ 
sors. In appendix A, we get the CR sub-Laplacian comparison property fll.bp in (H"-, J, 6 ) 
by a straightforward computation. 

Acknowledgments. The first author would like to express his thanks to Prof. S.- 
T. Yau for the inspiration. Prof. C.-S. Lin, director of Taida Institute for Mathematical 
Sciences, NTU, for constant encouragement and supports, and Prof. J.-P. Wang for his 
inspiration of sublaplacian comparison geometry. The work would be not possible without 
their inspirations and supports. Part of the project was done during J. Tie’s visits to Taida 
Institute for Mathematical Sciences. 

2. The CR Boghner-Type Estimate 

In this section, we derive some key lemmas. In particular, we obtain the CR Bochner-type 
estimate as in Lemma [101 

We first introduce some basic materials in a pseudohermitian (2n-|- l)-manifold (see |L1] . 
|L2] for more details). Let (M, be a (2n-|-l)-dimensional, orientable, contact manifold with 
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contact structure A CR structure compatible with ^ is an endomorphism J : ^ ^ ^ such 
that = —1. We also assume that J satishes the following integrability condition: If X 
and Y are in then so are [JX, Y] + [X, JY] and J{[JX, Y] + [X, JY]) = [JX, JY] - [X, F], 
Let {T, Za, Za} be a frame of TMZ)C, where Z^ is any local frame of Ti^, Za = Za E Tq^ 
and T is the characteristic vector held. Then 16^,0“, 6*“}, which is the coframe dual to 
{T, Za, Za}, satishes 

(2.1) de = ih^-^ 9 ^ A 

for some positive dehnite hermitian matrix of functions {hap)- Actually we can always choose 
Za such that hap = Sap] hence, throughout this note, we assume hap = Sap- 
The Levi form ( , is the Hermitian form on Ti^o dehned by 

( 2 . 2 ) {Z,W)^^ = -i{de,ZAW). 

We can extend ( , to Tq i by dehning (Z, = {Z, for all Z,W & Ti q. The Levi 

form induces naturally a Hermitian form on the dual bundle of Ti q, denoted by ( , )^», and 
hence on all the induced tensor bundles. Integrating the Hermitian form (when acting on 
sections) over M with respect to the volume form dfi = 6 A {d6)"', we get an inner product 
on the space of sections of each tensor bundle. We denote the inner product by the notation 
( , ). For example 

{u, v)= uv d/i, 

J M 

for functions u and v. 

The pseudohermitian connection of (J, 6) is the connection V on TM 0 C (and extended 
to tensors) given in terms of a local frame Za € Ti o by 

XZa = Oa^ 0 Zp, XZa = O/ 0 Zp, XT = 0, 

where 9a^ are the 1-forms uniquely determined by the following equations: 
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dd^ = d^ AdJ + d A T^, 

(2.3) 0 = A r, 

o = eJ + Of, 

We can write (by Cartan lemma) Tq = with = A^^- The curvature of Tanaka- 

Webster connection, expressed in terms of the coframe {9 = 9^, 9°‘, 0“}, is 

= dojp^ — ojjA A 

no“ = = no° = o. 

Webster showed that II/j" can be written 

(2.4) A r + Wfi^p9P A9- W^fip9P A9 + i9^AT^- irp A 9^ 
where the coefficients satisfy 

R/Bctpa Rapap RafUap RpafUai pa'y 

We will denote components of covariant derivatives with indices preceded by a comma; 
thus write Aa/ 3 ,'y. The indices {0, a, a} indicate derivatives with respect to {T, Za, Za}. For 
derivatives of a scalar function, we will often omit the comma, for instance, Ua = ZaU, u^js = 

Zj^Zfytl - UJqA Z^ti. 

For a real function u, the subgradient V;, is dehned by VbU G ^ and (Z, = du{Z) 

for all vector helds Z tangent to contact plane. Locally = '^^UaZa + UaZ^. We can 
use the connection to dehne the subhessian as the complex linear map 

(V^)^M : Ti^o ® To,i Tifi © Tq^i 


by 


iV^)MZ) = VzVbU. 


In particular. 
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2 'Uq,'Uq,, 


Also 

AbU = Tr ((V^)^m) = + “««)• 

Next we recall the following commutation relations (ini). Let 99 be a scalar function and 
a = aaO°‘ be a ( 1 , 0 ) form, then we have 


(2.6) 


'^al3 

^ap ^pa 
P^Oa ~ P^aO 
(^a,0p ^a,P0 

^a,0p ^a,pO 


P^ Pay 

'^^apP^Qy 

-^aPP^py 

a,^-^'yP ^'y-^aP,yy 


and 


^a,p'y (^a,^P ^Aq^jC fj iAf^pd^^ 

( 2 - 6 ) ^a,p^ ~ ^01,^p ~ '^^ap^yp'^P ~ "ihaTyAppa p, 

PPa,P^ PPa,^P '^hpyydf^ Q -\- RapP^PP p- 

Now we recall a lemma from A. Greenleaf f |Grj ) and also f |GG2j L 
Lemma 9. For a real function 99 , 


(2.7) 


Ab\Vbp^f = 2 (V-^)V +2(Vfe(^, VbAbip) 


+ (4ffic - 2 (n - 2)Tor) ((Vb(^)c., (Vb(^)(^) + 4 (JVb(^, Vfe(^o) > 

where {yb^)c = Va^a is the corresponding complex ( 1 , 0 )-vector of Vfe<p. 

Lemma 10. For a smooth real-valued function 99 and any z/ > 0, we have 

( n ^ n ^ \ 

E \^ap\ + E \^ap\ \ +l{Ab^f +n^l + 2 {Vb^y 

Q:,/5=l,a^/3 J 

+ {PRic-2{n-2)Tor - l){{Vb^)cy (VfeV^)^) - 2z/|Vb<PoE 






12 


‘SHU-CHENG CHANG\ ‘TING-JUNG KUO^ AND JINGZHI TIE® 


Proof. Since 

|(V^)VP = + PapPap) 

= 2j::,,=li\Pa0\^+\Pals\^) 

= 2(Ea,/3=l \Pa^\^ + E«,/3=1 \Pap\‘^ + Tl=l \Paoi?) 

and from the commutation relation fl2.5p 

= ij::=A\Pa^+Pr^.\^+pi) 

= \Yl=l\Pcm + Paa? + IpI- 

It follows that 

l(v^)VP = + + + + 

«7^/3 

< 2(E”/3=1 \Pal3? + Z]«,/3=l \Pa~0?) + ^ {^bpf + \pI- 

On the other hand, for all i/ > 0 

AfJVhP, VbPo) > -4 |Vfe(^| |Vfe(^ol 

> |V6V?|^-2z/|VbV?ol^• 

Then the result follows easily from Lemma |9l □ 

Definition 3. ( [GL] ) Let (M, J,d) be a pseudohermitian (2?t, + l)-manifold. We define the 
purely holomorphic second-order operator Q by 

n 

Qp = 2iY^ 

a,/3=l 

By apply the commutation relations (I2.5p . one obtains 
Lemma 11. ( |GL] . |GKL] ) Let (p (a:) be a smooth function defined on M. Then 

n 

AbPo = (Afe(p)o + 2 ^ [{A^pipp)_ + {A^pip^)^] . 
a,^=l 

That is 


2lmQLp = [Ab, T] (f. 
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Proof. By direct computation and the commutation relation fl2.5p . we have 

Poaa P Poaa 

= + conjugate 

= PaOa + + Conjugate 

= Pam + PaaO + 2 {Aa/sp-^)- + 

= (^b‘d)o + 2 {AafSp-0).^+ {A^p^pJ^)^ . 

This completes the proof. 

Let M be a positive pseudoharmonic function and / {x) = In u (x). Then 


□ 


Aj = -ivjr 


We first define 


V{p)= + {^^~fiPfi)a + ^^0P?P» + ^apPpPa] ■ 

a,/3=l 

Lemma 12. Let u be a positive pseudoharmonic function with / = Inu. Then 

Akfo = -2{Vbf, Vbfo)+2V{f). 


Proof. From Lemma [TT] 


Ab/o - {Abf )^ + 2 X] . 

a,P=l 


Since 


Ab/ = -|VJ^ 

it follows from the commutation relation 02.51) that 

Afe/o = (Ab/)p + 2^ J 

a,p=l 

n 

= (- |V6/|^)o + 2 £ [{^<^l3fp)a^ 

a,/3=l 

n 

= —2{Vbfo, Vb/)+2 ^ [{AQpfp)- + {Aapfp)^ + Aapfafp + Aapfafp] 

a,p=l 


□ 
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Lemma 13. Let (M, J, 6) be a pseudohermitian (2 ?t, + l)-manifold and u be a positive 


function with / = Inu. Suppose that 


2 luiQu = [Afe, T] u = 0. 


Then 


( 2 . 8 ) 


r (/) = 0. 


Proof. We compute 


(2.9) 


^ (/) — ^ ^ + ^a/sfaf/s] 

a,^=l 

n 

= Yl + ^al 3 ,aY + + ^apfafp + ^o^/oZ/l] 

a, 13=1 
n 

A-/ \ a /3 v \ u / 

a,/3=l 


+^Q:^,alf + 


a^,a~ 


\ A - I /I _ 

+ ^0/3 ^l2 -r /lap y2 


UctU^ 

U 




= Y i[{^c.pUp). + {A^pup)J 

a,/3=l 


= i l^i.. T] u. 
This completes the proof. 


□ 


3. CR Analogue of Yau’s Gradient Estimate 

In this section, we will prove main Theorem [H] and Theorem 01 We hrst recall a real-valued 
function 

F {x, t, R, b) : M X [0, 1] x (0, oo) x (0, cx)) M 

dehned by 


(3.1) 


F (x, t, R, b) = t (I Vi/I^ (x) + btr) (i) /| (i)), 


where ri{x) : M ^ [0, 1] is a smooth cut-off function dehned by 

1, X G R (R) 


T] (x) = rj (r (x)) = 


0, X e M\B {2R) 
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such that 


C 1 

- 772 < 77 < 0 

R 


V 


where we denote ^77 by rj' and r{x) is the Carnot-Caratheodory distance to a hxed point xq. 

In the following calculation, the universal constant C might be changed from lines to lines. 

Proposition 14. Let (M, J, 9) be a complete noncompact pseudohermitian {2n + l)-manifold 


(3.4) {2Ric — {n — 2) Tor) {Z, Z)>—2k\Zf 

for all Z G Ti^q, where k is an nonnegative constant. Suppose that (M, J, 6) satishes the 


CR sub-Laplacian comparison property. Then 


AfeF > -2{VJ, V,F)+t 4EI/a/3r+ 4E 


+ ^ (Afe/)" 


+ ("-¥) /o - (2*; + il) I Vi,/I" - I v»/|" fi + (/) 


Proof. By CR sub-Laplacian comparison property, 

Afe77 = 77" 77'A^r 

> -ii-Kf + c-,) 


> -5- 


First we compute 


^b{bt7]f^) = bt{f^Abr] + r]Abf^+ 2{VbV, ^bfo)) 

> bt + 277/oA,/o + 27/1V,/o|' + 4/0 {VbV, VJo)) 

> bt (-|/2 + 277/oA Jo + 27 / iVJol' - 4 l/ol |V„ 7 /| |V Jol) 

> bt[-%fo + 27//0AJo + (27/ - 2 ■ 47/) |VJol^ - 2 ■ 27/-1 |Vb7/|^ /o^] 

> ^^hS/o + 27//0AJo + (27/ - 2 ■ 47/) |VJol^], 


(3.5) 
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where we use the Young’s inequality and the inequality fl3.2p which implies that 


r] < 




Second, it follows from assumption (13.dp . Lemma HO] and (I3.5p that 

A,F = + 

( n n ^ 

4E \M + 4E |/.j!r + I (^*/) + nfi + 2 (V,/, V,Ai/> 

a,^=l a,/3=l,a7^/3 

-2 {k + i) IVJl' - 2z/ IVJol" - ¥/o + 26tr//oA,/o + 2 ■ f 77 1VJoH 


> t 


4E l/a/il' + 4E |/a^r + 4 (A,/)^ + (n - ^) n + 2 (V,/, V,A,/) 


«,/3=l 


-2 (fc + 4) |V,/|' + 2 (I 77 - iVJol' + 26f77/oAJo] 


Then taking u = ^, 
AbF > t 

(3.6) 

Finally, by Lemma [12] 


4E \U? + 4E UF + ^ +(n-^) /, 

a,/3=l Q;,/3=l,a^/3 

2 (^ + ^) |V Jl' + 2 (V J, V„A J) + 2btr]foAbfo 


2 (V J, VfeA J) + 2bt'nfoAbfo 

= 2(VJ, V6(-|VJ|')> + 26tr7/o[-2(VJ, VJo) + 2Y (/)] 

= -2 (V J, Vfe (f - btr^fi)) - 46tr//o (V J, V Jo) + dfofr^/o Y (/) 

= -f (V J, V,F) + 2bt (V J, Vfc ( 77 / 2 )) - Abtvfo (V J, V Jo) + 46f7//oY (/) 
= -f(VJ VbF) + 26J2 (V J, Vfe77)+46f77/oY(/) 

Now by Young’s inequality, we have 


2 (V J, VfeAJ) + 2btr]foAbfo 

= VfeF) + 26J2 (VJ, V677)+46677 /oY(/) 

(3.7) > VF)-26yTV,/||V„,|+46(,,/„V'(/) 

> -f (Vj/, VF) - S*/! |v,/| ,,1 + ihti^kV if) 

> (Vj/, VF) - if/= - e^rifS I V,/|" + mr,hV (/). 
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Substituting fl3.7p into fl3.6p . 


AfeF > -2(VJ, VF)+t 


n 

4E /a/3 ^ + 

n 

4E |/a^| 

o,/3=l 

a,f}=l,a^l3 




+ (^ - ¥) /o - 2 (^+ 7 !;) |VIV,/|^ + Ahtr^foV if) 


□ 

Proposition 15. Let (M, J, 9) be a complete noncompact pseudohermitian (2n + 1)- 
manifold with 


{2Ric — (n — 2) Tor) (Z, Z) > —2k \Zf 

for all Z G Ti 0 , where k is an nonnegative constant. Suppose that (M, J, 9) satishes the 
CR sub-Laplacian comparison property. Then for all a 7 ^ 0 


triAbiriF) > ^ ^ (riF) + 2tri {VtV, ^bF) - 2tr]‘^ {Vbf, VbF) 


(3.8) 


+4tV E I/a/3r+ E 

+ [" - f - (= + f) ('(-P)] twn 


+ 


2^ ( 11 F) -2k-i] tr, I Vj/I" + mhfhV (/). 


Proof. By using Proposition [HI we hrst compute 


Ab{r]F) = {Ab7])F+ 2{Vbr]: ^bF) FqAbF 

> -%F + 2{VbTVbF)-2iq{Vbf,VF) 


*{'E\U\ + E lAisl) +pA»/)M(n-2f)/, 

a,/3=l q;,/3=1,q:^/5 


+tT] 

■2 (*: + ^) lE/l" - ‘w’lfS IV + anhv U) 












18 


‘SHU-CHENG CHANG\ ‘TING-JUNG KUO^ AND JINGZHI TIE® 


and for each a ^ 0 

(Ai/f = (-|Vi/|")' 

= - ii’t’jfs - mn' 

-^F |Vj/|= - f ),F/2 + |V JIVo" 

Then 

A,(r/F) > ^^F2-|F + 2(V,r/, VbF)-2r/(V,/, VF) 

( n n ^ \ 

E l/a/3|^+ E |/a^| 

q,/3=1 a.,0=1,0.^0 J 

+ ("-¥- t’lfS + {-"-^’IF - 2kt„ - l) |Vjr 
-f (*>; I Vi/I") («r,/2) + 46(%,VoV' (/). 

Hence 

Ab(r7F) > ^^r]F^-^F + 2{V,v,^bF)-2rj{Vtf,VF) 

( n n r, 

E l/a/3|^+ E \fa0\ 

o,/3=l a,P=l,a^P 

+ [«-¥- (;Si + f) ’T] tr,g 
+ {-^-^''iF - 2ktri - l) IV Jl" + 4MV/or (/). 

Finally, multiply trj on the both sides of fl3.9l) and note that t < 1, rj < 1 


tr]Ab{r]F) > ^ {r]F0 - ^7]F + 2tr] {VbV, ^bF) - 2tr]^ {Vbf, VbF) 


+ 4 tV| E \fa 0 "+ E 

a , 0=1 ol , 0 = 1 , 0.^0 


+ [" - f - + f) (’T)] 

(i,F) - 2fc - fl i'l, |Vi/|" + Whi^hV (/) 
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Proposition 16. Let (M, J, 6) be a complete noncompact psendohermitian (2n + l)-manifold 
with 

{2Ric — {n — 2) Tor) (Z, Z) > —2k 


for all Z G Ti^o, where k is an nonnegative constant. Snppose that (M, J, 9) satishes 
the CR snb-Laplacian comparison property. Let b, R be hxed, and p{t) E B {2R) be the 
maximal point of rjF for each t G (0,1]. Then at { p{t), t) we have 


0 > 


(3.10) 


+ [n 


R 


( 


2b 


R 

bC 


(r,F)+4lV| E l/.J-l'+ E \Ll\' 

a,13=1 a,13=1, 


^ + -t) (’T)] tWf, 


+ 


(VF) - 2k 


t’l\^bff + ibriffaV (/). 


Proof. Since {pF) {pit ), t, R, h) = max {pF) (x, t, R, 6), at a critical point (pit ), t) 

xeB{2R) 

of {pF) {x, t, R, b), we have 


Vft {pF) {p (t), t, R, b) = 0. 


This implies that 


(3.11) FVhP + pVbF = Q 
at {p (f) , t). On the other hand, 

(3.12) Ab (pF) {p (t) , L R, 6) < 0 
at {p (t) , t) . 

Now we apply (13.111) to 2tp {VbP, '^bF) and —2tp‘^ {'^bf, '^bF) in (13.Sh . we can derive the 


following estimates. 
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and 


(3.14) 


-2V(v,/, VfeF) = 2tr]F{Vtf,VbV) 

> -2t{7^F)\VJ\\VkV\ 


Here we have applied the Young’s inequality for fl3.14p . 

Finally, substituting fl3.12p . fl3.13p and fl3.14p into fl3.8p in Proposition [151 ci-nd noting that 


t < 1, 


0 > (d? -1) (’T)" - f (»-F) + 4iY I E \M"+ E 

(y.,/3=l ol,13=1^0.^13 


+ [" - f - (d?+f) (Y)] i^T/, 


+ 


w - I - e] i,, I v,/| Y AhfirfhV (/) 


This completes the proof. 

Now, we are ready to prove our main theorems. 

Proof of Theorem [4] : 

Proof. We observe that 


□ 


(3.15) 


V'(/)=0 


by assumption fll.Sj) and Lemma j 

We begin by substituting fl3.15p into fl3.10|) in Proposition [TS] at the maximum point 
Hence 


(3.16) 


0 > (id. - a i(>T)t - f [(Y)] 

+ [’1 - f - (d? + f) (i-f’)] iVf, 


+ 


2(l+a) 




+4iY| E \fP+ E 

a,f}=l a,/3=l,a^/3 
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We claim at t = 1 


(3.17) 


(i)F)(p(l), 1, R, b) < 


na 


+ s + § 


-2 (1 + a) 

for a large enough R which to be determined later. Here (1 + a) <0 for some a to be chosen 
later (say 1 + a = — ). 

We prove it by contradiction. Suppose not, that is 

.2 / A 


{r]F) (p(l), 1, R, b) > 


na 




-2 (1 + a) 

Since {rjF) {pit ), t, R, h) is continuous in the variable t and {rjF) (p (0), 0, i?, h) = 0, by 
Intermediate-value theorem there exists a to ^ (0, 1] such that 

,2 / 4 C' 


(3.18) 


(ijF) (p (to), to, R, 6) = 


na 




2 (1 -|- a) 

Now we apply (13.161) at the point (p (to), to), denoted by (po, to). We have by using fl3.18p 

0 > (^ - i) [{vF) (po, to)f - ^ [{r]F) (po, to)] 

(3.19) + h - f - + f) ivF) (po, to)] t^r/Vo 

/ n n 

E \UF E \Li\ 


a,p=l 


o,/3=l,o^/3 


Moreover, we compute 


(3.20) 


and 


[(i-S)(.T)(Po.(o)-f] 

(^) (2^ + l + S)-f 


{wFi (2*^ +1) “ S P+a) (2*^ +1 + S) + nig + 3 


["-f-(ll+f)(>T)(Po.lo)] 

= «-f-(g? + f) (^) (2*: + | + S) 

= ” “ T + (i+g (2*; +1 +1) + n (nig) (2*; +1 +1) 
= (" + ih + gb + S i-in + nSj (2fc +1 + S' 


(3.21) 
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Now we choose a such that 


(1 + Cl) < 


A + 2bk 

n 


and then 


In particular, we let 
(3.22) 



4 

1 n 


+ 


2bk \ 

1 + a y 


> 0 . 


1 o 


h + 2bk 
n 


Then for R = R{b, k) large enough, one obtains 

1 C 


‘in 


> 0 


and 


bC 
“R “ 


2b bC\ , 

— + — ivF) (poRo) 

! J ! 


> 0 . 


, na^ R ) 

This leads to a contradiction with fl3.19p . Hence from fl3.17p and (13.221) 


(pF) (1, p(l ), R, b) < 


(n + 5 + 2bky 
2 (5 + 2bk) 




This implies 


„i 2 , r‘?\ / \ (n + 5 + 2bkY / , 4 C 

.Sfn, d) < ; (6 {2k+,+ 


R 


When we £x on the set x G i? (i?), we obtain 

|VJ|^ + 6/o^< 


2 , ; x2 + 5 + 2bky 


2 (5 + 2bk) 


, 4 C 


on B {R). 

This completes the proof. 


Next we prove Theorem [HI The proof is similar to Theorem jH 

Proof of Theorem [8] : 
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Proof. Firstly, we recall (Proposition [15]) that 


(3.23) 


triAb {r]F) 

> ^ (rjFf - % (rjF) + (V^p, V,F) - 2trj^ (V,/, V,F) 

( n n ^ \ 

E \fP+ E \U ] 

o,/3=l q,/3=1,0:^/3 / 


+ [" - f - (= + f) (lF)] tW-f, 


+ 


.2^ (,,F) - - ll i,, |Vk/|" + 4btWf«V (/) 


Now we need to deal with the term Fbt^rffoV (/) in fl3.23p . 

(3.24) 

46tV/oV^(/) 

n 

= 4bt^r]^fo ^ + Aajsfaf^ + 

q,/3=1 

n 

= Abt^rffQ '[{Aajif-pa + A^-pfpa) + {Aal3,afj3 + A^-p,^fp') + [Aa/sfafjS + ^a^/a//?)] 

o,/3=l 

n 

> —Sbt^r]^ |/o| ^ (l^a^l l//3a| + l^a/3,o| l/^l + \^ap\ \fa\ I//?!) 

Q,/3=1 


In fl3.24p . by Young’s inequality and noting that t < 1, t] < 1, we have following estimates: 


(3.25) 


n 

-9>bt^V'^\k\ E \^aji\\f0a\ 

q,/9=1 


> E -^kibt^rf\fo\\f0c\ 

q,/3=1 

n 

> E {-^kibPrf' \fp^\^ - AkibPrf'f'^) 

a,13=1 

n 

> -Akibri^ {Frf f^) - AkibFif Y l//3al^ 

a,13=1 


and 


(3.26) 


n n 

-Sbt^r]^\fo\ Y \Aa0,a\\fp\ > -SfcifetV E l/ol |/^| 

q,/5=1 a,13=1 

> -Skibt^T]^ Y (|/o+||/^r) 

a,^=l ^ ^ 

n r , 

> —AkibnH^ifI q — AkibnPrfY \f0\ 

0=1 

> -Akibn^ - ‘2kibn [tr]\Vbff) 
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and 


(3.27) 

n 

-86tVl/o| E l/«l I// 3 I > 

a,(3=1 

> 


> 

> 


n 

-8fci6tVl/o| E + \\fii?) 

a,/3=l 

( n n \ 

nY. \fa? + nY If^n 

a=l /3=1 J 

-4MntVl/o||VJ|' 

-2kih‘^nt^rf \Vbf\^ - 2kint^7f \Vbf\^ 
-2kib‘^n [tr]\Vbff) - ^kint^r]^ ■ 


Substitute estimates (I3.25p . (I3.26p . and (I3.27p into (I3.23p . one obtains 


tr]Ab {r]F) 


> 


ivF) 




^ - % {r]F) + 2tri {VbV, ^bF) - 2^ {Vbf, VbF) 

n Ur. 

{l-hkin) E \fap\^ + E \faji\ 

q,/3=1 q,/5=1,q^/3 


+ [n 


+ 


— SbkiTi^ — 


W 

R 


-{-^ + 2n,n + f) (,,F)] 


2k — 2n (1 + b) ki 


tv\^bf[ 


Next as shown in the same computation as in PropositionfTHl at the maximal point (p(t), t) 


0 > (i - b) hD" - f OD 


FAF-rf 


(3.28) 


{l-bkin) Y \fa0? + Y |/a^r 

q;,/3=1 a,0=l,a^/3 


We claim at t 
0 < b < bo 


+ [n- SbkirF - ^ + 2Fkin + (pF)] F 77 V 0 

+ [-^ - 2 i - 2 n (1 + 6) fci - 1 - S] t, \Vtff. 

L, there exists a small constant bo = bo{n,k,ki) > 0 such that for any 


ivF) {p (1), 1, R, b) < (^k + 2n{l + b)ki + ^ + ^ 

if R is large enough which to be determined later. Here (1 + a) <0 for some a to be chosen 
later (say 1 + a = —f)• 
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We prove it by contradiction. Suppose not, that is 


ivF) (p(l), 1, R, b) > 


na 


4 C' 

2k + 2n (1 + 6) fci + — + — ] . 


-2 (1 + a) 

Since {rjF) {p{t ), t, i?, h) is continuous in the variable t and (rjF) (p (0), 0, R, b) = 0, by 
Intermediate-value theorem there exists a to £ (0, 1] such that 


(r/F) (p (to), to, F, h) = 


na 


2k -\- 2n {^1 b) ki —1“ 

0 K 


-2(1 +a) 

Now we apply fl3.28p at the point (p (to) ,to), denoted by (po,to). We have 
(3.29) 

(VF) (Po,to)-f] 

= {ih ~ S) (-2’(l+a)) (2^ + 2^^ (1 + &) + I + i) - ¥ 

= { 2 (TT+ (2^ + 2n (1 + 6) /ci + f) - I - 2 (i+a) (2^ + 2n (1 + 6) fci + | + §) + + 3 


and 


[n - Sbkin^ “ ^ + ‘^b'^hn + (pF) (po, to)] 

= " - - f - (+ + + f) (^f+j) {2k + 2n (1 + t) fa + | + g) 

(3 30) " ” ■ ^ + (5rnh)(= + (2k + 2n (1 + 6) fa + I + |) 

+f (^)(2'= + 2«(l + i)fa + t + £) 

= {n - Sbkm^ + (^±g^)[2A: + 2n (1 + 6) fci + f]} 

+s{-'> + (+lTg^) + i^\2k + 2n (1 + 6) fa + f + @}. 

Now we choose a and b such that 

n - Sbkm"^ + (^±yg^)[2A: + 2n (1 + b) ki + |] 

(3.31) =n- b{Skin^ - {l±0^)[2k + 2n (1 + b) k^] - (^^)} + 

> 0 . 

This can be done by choosing 

. ^ 4 

(1 + n) <- 
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and then choose a small bo = bo{n, k, ki) > 0 snch that for any b < bo 


n — b{8kin^ 


1 + a?hn^ki 

(1 + a) 


)[2A; + 2n (1 + b) ki] 


Aa^n^ki 
1 -|- o 


)} + 


4 

1 -|- o 


> 0 


and 


(1 — bkin) > 0 . 


In particnlar, we let 


1 -|- o 


Then for any 0 < b < bo, one obtains 


5 


n 




{r]F) {po,to) 


“r 


> 0 


and 


2 bC 


n — Sbki'n'^ - 

R 


9b bC 

+ 2b^hn+"-^]{pF){po,to) 


> 0 


R 

for R = R{b, k, ki) large enongh. This leads to a contradiction with 03.281) . Hence 

’2 / 2 


{r]F) (1, p{l), R, b) < 
This implies for 1 + a = —- 


na 


(l + a) + + +j + Tjl- 


.Jb^r) h + n (1 + 6) fci + I + ^ ) , 


When we £x on the set x E B [R), we obtain 


(n + 5)" 


IVfe/I^ + &/q < ^—— {k + n{l + b)ki + - + — 


2 C 
b^R 


on B [R). Note that the preceding compntation is not valid if rjF is not smooth at Xo- In 
this case, we may use a trick due to E. Calabi ( see for details). 

This completes the proof of Theorem [HI 
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4. The Sub-Laplacian Comparison Theorem 

In this section, we give the proof of sub-Laplacian comparison theorems in a complete 
noncompact pseudohermitian ( 2 n + l)-manifold of vanishing pseudohermitian torsion tensors 
and nonnegative pseudohermitian Ricci curvature tensors. In order to prove Theorem [3l we 
hrst derive the differential inequality for sub-Laplacian of Carnot-Caratheodory distance. 

For simplicity, we prove the propositions for n = 1. In the setting, we write Zi = | ( 61 —^ 62 ) 
for real vectors 61 , 62 . It follows 62 = Jei. Let = Re( 6 '^), = Im( 6 *^). Then { 6 ^, 6 ^, 6 ^} 

is dual to {T, 61 , 62 }. Now in view of fl 2 .ll) and fl2.3l) . we have the following real version of 
structure equations: 


dO = 2e^ A 6^, 

V61 = a; C) 62, V62 = —wCci, 
de^ = —6^ A u mod 9] de^ = Au mod 9. 


We also write = Ciip and Vf,(p = |((pg^ 6 i -|- (^£ 2 ^ 2 )- Moreover, (pg,g^. = ejCiip — Ve^eiip 
and Abip = ^(v^g^g^ + P^e 2 e 2 )- Now we can write down the real version of the commutation 
relations as in 12.51 and 12.61 


(4.1) 


V^eie2 V^e2ei 
V^Oei “ V^eiO 
^0e2 ~ ^€20 
9^616162 9^616261 

^6261 62 ^626261 


2(Pq 

<Pg^ Re Til - P^e 2 ImTii 
<y9g^ ImTii Re Til 
2(^610 - 2(^62 
2^^620 + 29^61 


For a hxed point p G M, we consider the Carnot-Caratheodory distance function rp{x) = 
r{p,x) from x to p, and we will simply write r{x). The distance function in general is not 
smooth due to the presence of cut-points. However, it can be seen that it is a Lipschitz 
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function with Lipschitz constant 1. In particular, we have 

|Vrp = 1 

almost everywhere on M. Though r might not be a C^-function, one can still estimate its 
snb-Laplacian in the sense of distribution ( |BGG] . [S]). 

Definition 4. Let (M, J,6) be a pseudohermitian 3-manifold. We dehne ( |L1] ) 

F(p = ((pni + = Pip= (Pi(p)6»\ 

which is an operator that characterizes CR-pluriharmonic fnnctions. Here Pi<p = (pm + 
iAiiLp^ and Pep = (Pi) 6 *^, the conjugate of P. 

Lemma 17. Let (M, J, 6) be a complete pseudohermitian 3-manifold. Then 

(4.2) dr{Ahr) + 2{Abry - 2roei + 2r^ + (W - ImHn) = 0 
and 

(4.3) f'ooe2 + ~ (Re^ii)^ ~ (R-e^ii)o = 0. 

As a conseqnence, we have 

(4.4) 3dr{Abr) + 2{AbrY + 2rg — 8 < Pr-|-Pr, > -|-(1T -|- 3ImAii) = 0. 

Here dbr = ri9^ + 

Proof. We will follow the method as in (|^). Let x G exppPp\{p}. Here exp^ is the 
exponential map dne to R. Strichartz ([S]). Let 7 be the minimal geodesic joining p to 
X. As in [S], the CR Gauss lemma implies that one can choose a CR orthonormal frame 
{T, ei, 62 } along 7 such that Vr = 62 . Then 


(4.5) 


|Vr| = re 2 = drT = 1 
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and 


(4.6) 


r-ei ^ 0 and ^ 0 ^ 


Hence 


(4.7) 


0 = 


(r^ + ) + (r^ + ) 

v ei ' e2/eiei ' v ei ' 62/0262 

= 2(reireiei + r^^re^ejei + 2(reireie2 + ^e^re^ejea 

= + re.reieiei + + ’^ 62 ^ 626161 ) 

+ 2 ( ^6162 ^eil’eie 2 e 2 + ^6262 ^62^626262) 

= 2 (r 2 ^g^ + + r^^eiei + re 2 e 2 e 2 )- 


On the other hand from (14.11) 


<62 = . <61 = 4(A6r)2. 

Moreover 

^626161 I’616261 2rQgj^ 

= ’^616162 - 2rej0 + 2rg2fh - 2roei 

= i’ 6 i 6 i 62 - 4 rei 0 + 2 re 2 H" - Re Hn + Im An 

= re^ei 62 -4rejO + 2hh + 2ImHii. 

All these and fl4.7l) imply 

0 = r 2 ^g^ + + re 2 e 262 

= 4(Afer)2 + 4rl + (rgiej + rg^ejg^ “ 4reio + 214" + 2ImAii 
= 4(Afer)2 + 4r^ + 2dr{Abr) - Ar^^o + 2fR + 2ImAii. 

That is 

(4.8) 0 = dr{Abr) + 2(Afer)^ - 2re^o + 2r^ + {W + Im An). 

Bnt 

(4.9) roei - rgjo = - Im An- 
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Hence 


0 = dr{^i,r) + 2(Abr)^ - 2roei + 2rl + {W - ImHn). 
On the other hand, since 

0 = (rl^+rl^)^ 

= 2 (reirei 0 + ?’e 2 A 20 ), 

it follows from (I 4 . 5 p and ( 14 .hh 


(4.10) 


reaO = 0 . 


Now as in (I4.7j) . we have 

0 = (<+^^^ 2)00 

= 2(rejrei0+ re2re2o)o 
= 2 (r 2 ^o + re,re,00 + + A2A200) 

= 2 (rg^o + ^ 200 )- 

Compute 

^eiO = (’’Oei +ImHii)2 

and 

A 2 OO = (I’oea - re^ lui An - Ve^ Re Aii)o 

= ’’0620 - re,oImHii - re,(ImHii)o - re^oReAn - re2(ReHii)o 

= I’oesO - AiO Im An - (Re Hii)o 

= (’’0062 - ’’061 Im An - Re An) - (roei + Im An) Im An - (Re An) 

= roo 62 - 2roe, Im An - Re An - (Im An)‘^ - (Re Aii)o. 

All these imply 


0 — ’’0062 + ’’Ll ~ ’’062 Re An — (Re Aii)o — rooe2 + ’’Li ~ (R® ^11)^ ~ (R® ^11)0 
Finally, by dehnition we compute 


< Pr +Pr, di,r >= (rY^;^rY + iAnrjrY) + conjugate. 
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First we note that for Zx = i(ei — * 62 ) 



and then 


(4.11) iAxirxrx + conjngate = —-iAn + conjugate = - Ini An. 

Secondly, one can derive 


Tt 


and 


Hence 


(4.12) 


111 

gl^eieiei 4“ ^626261 4“ I’e2eie2 ^£ 16262 ] 

4“ 8*[(^e2eiei ~ I’eie2ei) ~ (^£16162 4“ ?"£2£2£2)] 

^TiHT 

~ 16^[^£l£l£l 4“ I"£2£2£1 4" re2£i£2 ^£l£2e2] 

~16[(^e2£l£l ~ ^£l£2£l) ~ (^£l£l£2 4" '^£2£2£2)]- 


^Tii^T 4- conjugate 

~ ~ 8 [(^® 2 £l£l ~ ^£l£ 2 £l) ~ (^£l£l £2 4" ^£ 2 £ 2 £ 2 )] 

= l[dr{Abr) + roe^]. 


It follow from (H.llh and (I4.12p that 


4 < Pr+Pr, dbr >= dr{Abr) + roei 4- 2 Im An 


and then 


Wr{Abr) + 2(A6r)^ + 2rg — 8 < Pr+Pr,d6r > +(iy + 3ImAn) = 0. 


□ 
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Lemma 18. Let (H", J, 9) be a standard Heisenberg (2n + l)-manifold. Then there exists 


a constant > 0 


(4.13) 



and 


(4.14) 





and 


(4.15) 


r 





We will give the proof of Lemma [18] at the end of this section. 

Now Theorem [3] will follows from the following Bishop-type snb-Laplacian Comparison 


Theorem easily. 

Theorem 19. Let (M, J, 9) be a complete psendohermitian 3-manifold of vanishing psen- 
dohermitian torsion with 


W>k2 


for some constant k 2 . Then, for any a: G M where r{x) is smooth, we have 



m3i/(l <52)1^21 coth(i/(1 -F 62 )\k 2 \r), /c2 < 0 


for some positive constants mi, m 2 , m 3 and (5i < 1, 52 < 1. Moreover it holds on the whole 
manifold in the sense of distribntion. 

Remark 4. 1. Here we will apply the differential ineqnality for snb-Laplacian of Carnot- 
Caratheodory distance as in Lemma [T7I to prove this snb-Laplacian comparison fl4.16p . In 
the hrst named anthor’s previons paper ( |CCj ). we apply the same differential ineqnality to 
obtain the CR volnme growth estimate. 
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2. In the paper of |ALj . they obtained the weak Bishop-Laplacian comparison theorem in 
contact 3-manifolds. 

Proof of Theorem 1191 : 

Proof. Here we will apply the differential inequality for sub-Laplacian of Carnot-Caratheodory 
distance as in Lemma [m Since An = 0 and (I4.3j) . we have 

(4.17) drVoo = < 0. 

In particular 

(4.18) dr{roo) - ^ < 0. 

Note that tqq = +0(r) for a smaller r and By applying the method 

to the differential inequality fl4.18p as in (|W]), it follows that 

(4.19) roo < ^ 

for a larger r. By integrating both sides of 04.171) with respect to r, it follows from 04.19P 
that 

(jn 

(4.20) |roei|<^. 

Hence 

-^ < -2roei + 2rl 

for some positive constant 1. 

(i) For k 2 = 0, it follows from fl4.2p that 

dr{Abr) + 2(Afer)2 - ^ < 0. 
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Here mi = solves the equation 

2 m^ — m — / = 0 . 

(ii) For k 2 > 0, then from (14.41) 

dr{Abr) + 2{Abr)‘^ - ^ + ^2 < 0 . 

Hence 

(4.21) driAbr) + 2{Abrf + (1 - 6^)k2 < 0 

if I" > with any positive constant < 1. Then by applying Wang’s method again 

(4.22) A^r < m 2 \/^cot(v^r) 

for some constant m 2 and K 2 = (1 — 5 i)/c 2 - 

(iii) Similarly for /c 2 < 0, we have 

dr{Abr) + 2(Abr)^ — (1 + 52)|fc2| < 0 
and if r > \J bj^k 2 \ positive constant ^2 < 1 

AbT < m3\/(^coth(y^r) 

for some positive constant m 3 and = (1 + 52 )|/i^ 2 |- D 

Proof of Lemma [TH] : 

Proof. For simplicity, we prove fl4.13p and fl4.14p for n = 1. We consider the following two 
vector helds dehned on with coordinates (x, t) = {xi,X 2 ,t): 

It is easy to check that 


(4.24) 


A..a-j = -4. 
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The vector fields Xi, X 2 and T = 2^ are left-invariant with respect to the “Heisenberg 
translation”: for (x, f) = {xi,X 2 ,t) and (y, s) = {yi,y 2 ,s) G 

(4.25) (x, t) o (y, s) = {xi + yi, X 2 + y 2 ,t + s + 2[x2yi - xiy 2 ]). 


Let z = Xi + ix 2 - Then we denote the vector fields in terms of complex coordinates as 
following : 


Actnally, the above mnltiplicative law defines a gronp strnctnre on which we call the 
1-dimensional Heisenberg gronp with {x,t)~^ = {—x, —t). 

From the paper of |CTW] ( also |BGG] ). the sqnare of the Carnot-Caratheodory distance 
from the origin is 


(4.26) t)]^ = 

where is the nniqne solntion of /i(26')||x|p 
cot Moreover 


2gc 

sin(26'c) 


||a;||^ = u{29c) (|t| + ||a;||^) , 

= |t| in the interval [0,7r/2) and /j,(z) 


Z 

sin^ 2: 


iy[z = 


sin^ zl + y,{z) z sin^ 2 ; — sin z cos z 


; ^^(0) = 2. 


Introdnce a new parameter cj) = 26c- Then the Garnot-Gartheodory distance between the 
origin and point {xi,X 2 ,t) can be expressed as 


{x,t) = — —tII^II with /i(0)||a:|| = |t| and 0 G [0,7r). 


sm ( 


Denote 


We have 


g{(j)) = and R = xl-\- x'^ 


sm ( 
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and 









9^0 

W' 


Next from t = we compute the derivatives: 


00 1 0^0 

'm ^ WW) ^ ^ ~ 


This implies 

dt 


and 

g'm ' 

From the straightforward calculation, we have 


^ = fi-3/2^ 
dR /i'(0) 


— r—V = - with f = ^ ^ 

H' J 2 2(1 —0 cot 0) 

This implies 

= L r-3/2 

0 f2 2 

But t) = -^R^R. We have 

^ ljg-3/2 sin^0cos0 ^ 1/ hG-3 0^COS0 
0f2 4 (1 —0cot0) 4 sin 0(1 — 0 cot 0) 


Hence 


^2^Hi 




Similarly, we have 


0j,Hi 

0 f 




-1 


At last, by integrating both sides of (14.1711 with respect to r, (I4.15p follows easily. 


□ 
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Here we derive the CR sub-Laplacian comparison property in a standard Heisenberg (2n + 
l)-manifold with n = 1. We refer to |CTW] for details with n > 1. 

Denote A;, = + A|). We will compute {x,t) in polar coordinates as following. 

1 02 1 02 1 


2 ^ ' s dsdO ' 86“^ ’ ' dtdO 


Ah — — f-:—T H- 


Since r^^{x,t) depends only on s = ||x|| = \/xj + X 2 , we have 

Ahr^\x,t) = {l^ + 2s^^)r^\s,t). 
From fl4.26p . we introduce a new variable u = \t\/s‘^. Then 


{s,t) := fc{s,u) = - s where u satishes u = /r(0) = 

sin (b 


0 — sin 0 cos 0 


sm 


Hence 


. Hi / \ , 18 “^ 2 9^ 2 0 

A*- M = ( 25 ^ + 


where u is given by u = /z(0). Let g{(p) = -X-j. Then 


sin 4) * 

do do dd) , d'^g d'^g ,dd),y dg d‘^6 
du d(j) du du^ d(f)^ ^du dcj) du? 


We next compute ^ 1 ^ 1 ^ and 


d(j) 

Next u = implies 


dg sin0 —0COS0 d'^g 0(1 + cos^ 0) — 2sin0cos0 

— -:r-- and 


sm 


d(f) 


sm 


1 _ dcj) _ 1 1 _ h"(0) 

du /i'(0) '''' du^ {fl'f 

We now compute /i'(0) and /x"(0) from /i(0) = 0csc^ 0 — cot 0. 


jA’^cj) — 20 csc^ 0 cot 0 + csc^ 0 = 2 csc^ 0(1 — 0 cot 0) 
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and 


cot 0(1 — 0 cot 0) + 2 CSC^ 0(0 CSC^ 0 — COt 0) 
= 2 csc^ 0[0(3 cot^ 0 + 1) — 3 cot 0]. 


We finally compute Abfc{s,u) = fx3fl'(0). 


A . / ^ ‘2 \(Pg J(j) 2 , dg (f4) 

2 1 dgf /U^^(0) 

s _d(t? {li'Y dcj) (/i')3 J 

s(/i')^ d(j)^ d(p 
We shall compute the term in [... ] in term of 0 hrst. 

dcfP d(j) /i'(0) 

0(1 + cos^ 0) — 2sin0cos0 sin0 —0cos0 2 csc^ 0[0(3 cot^ 0 + 1) — 3 cot i 


sm 


sin^ 0 


2csc^0(l — 0cot 0) 


0(1 + cos^ 0) — 2 sin 0 cos 0 0(3 cot^ 0 + 1) — 3 cot 0 


sin'* 0 


smcp 

2 J, , „;„2 


0(1 + cos^ 0) — 2 sin 0 cos 0 — 0(3 cos^ 0 + sin"^ 0) + 3 cos 0 sin 0 


sm 


sin 0 cos 0 — 0 cos^ 0 

sin^ 0 


Hence we have 


Abfc{s,u) 


2 _ /i"( 0 ) ' 

s(/i')2 _d0^ d0 /i'(0) _ 

sin 0 cos 0 — 0 cos^ 0 1 

sin^0 2s csc"^ 0(1 — 0cot 0)^ 

(1-0 cot 0) sin 0 cos 0 
2s CSC 0(1 — 0 cot 0)^ 

sin^ 0 cos 0 
2s(l — 0cot 0) 
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Since 

Sin (p ’ 


(A.l) 


= 77 ^ 


>sin 0cos( 


2 j-h 0 — 0 cos 0 
We next study the function F(0) = 2 (siP^<f>-<pcof<f>) ’ 'where 0 is given by 

0 — sin 0 cos 0 


= t with = 


sin 


The function -F(0) is smooth on the interval [0,7r], decreasing from [0,0^] and increasing 
from [0m, tt]. 0m is the unique critical point of -F(0) inside the interval (0,7r). -F(O) = 3, 
F{n/2) = F{n) = 0. 

As s —)■ 0 with t > 0 hxed, (j) ^ 'k~ and the equation s^/i(0) = t implies 

0 — sin 0 cos 0 


t sin^ 


= 1 . 


This shows that 


TT 

—)■ TT and sin0 ~(—as s ^ 0. 


This implies flA.ll) makes sense when s = 0. This corresponds to 0 = vr. 
All these imply 


trl 3 


in a standard Heisenberg 3-manifold. 
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